Based on the previous research, in this paper we study the dual flatness of a special class of Finsler metrics called general (α, β)-metrics, which is defined by a Riemannian metric α and a 1-form β. By using a new kind of deformation technique, we construct many non-trivial explicit dually flat general (α, β)-metrics.
Introduction
In 2000, S.-I. Amari and H. Nagaoka introduced the notion of dual flatness for Riemannian metrics when they studied information geometry [1] , and this notion have been extended to general Finsler metrics by Z. Shen in 2007 [9] . A Finsler metric F on a manifold M is said to be locally dually flat if and only if in a adapted local coordinate system (x i ), the function F = F (x, y) satisfies
For a Riemannian metric α = a ij (x)y i y j , it is known that α is locally dually flat if and only if in an adapted coordinate system, its fundamental tensor is the Hessian of some local smooth function ψ(x) [1] , i.e., a ij (x) = ∂ 2 ψ ∂x i ∂x j (x).
In fact, the dual flatness of a Riemannian metric can also be described by its spray [14] : α is locally dually flat if and only if its spray coefficients can be expressed in an adapted coordinate system as
2)
where θ := θ i (x)y i is a 1-form and θ i := a ij θ j .
The characterization for dually flat Riemannian metrics is clear. Hence, how to describe the dual flatness for Finsler metrics becomes an interesting problem. However, it is still not easy to be researched for the general case. So we begin with some special kinds of Finsler metrics.
Randers metrics, introduced by a physicist G. Randers in 1941 when he studied general relativity, is an important class of Finsler metrics. Generally, a Randers metric is given in the form F = α + β where α is a Riemannian metric and β is a 1-form. But it can also be expressed in another famous form as follows:
3) Definition 1.1. Let α be a locally dually flat Riemannian metric on a manifold M . Suppose that the spray coefficients G i α of α are given in an adapted coordinate system by (1.2) with some 1-form θ on M . Then a 1-form β on M is said to be dually related with respect to α if
where c(x) is a scalar function on M .
As a generalization of Randers metrics from the algebraic point of view, (α, β)-metrics are also defined by a Riemannian metric and a 1-form and given in the form
where φ(s) is a smooth function. Because of its computability [2] , many encouraging results about (α, β)-metrics have been achieved [2, 7, 10, 12] .
Recently, Q. Xia gave a local characterization of locally dually flat (α, β)-metrics with dimension n ≥ 3 [11] . Later on, the author provide a more clear characterization. The result is much similar to that of Randers metrics: If F = αφ( β α ) is a non-trivial locally dually flat (α, β)-metric with n ≥ 3, then after some special deformations, α will turn to be a locally dually flat Riemannianᾱ and β to be a 1-formβ which is dually related with respect toᾱ. In this case, F can be reexpressed as the form F = φ(b 2 ,β α ) [13] .
One can see that the navigation expression (1.3) of Randers metrics is also given in the form
Actually, such kind of Finsler metrics are belong to the metrical category called general (α, β)-metric, which is introduced by the author as a generalization of Randers metrics from the geometric point of view [15] . General (α, β)-metrics include not only all the (α, β)-metrics and the spherically symmetric Finsler metrics [5] naturally, but also part of Bryant's metrics [3, 15] and fourth root metrics [8] .
The main purpose of this paper is to describe and construct dually flat general (α, β)-metrics. It must be declare firstly that we will assume additionally that α is dually flat and β is dually related to α. According to the discussions of Randers metrics and (α, β)-metrics, one can see that the dual flatness of a Randers metric or a (α, β)-metric is always arises from that of some Riemannian metric, and it is the dually related 1-forms preserve the dual flatness. Hence, we believe that the assumption here is reasonable and appropriate.
The main result is given below:
Suppose that α and β satisfy
where θ is a 1-form and c(x) is a scalar function such that c(x) = −2θ k b k . Then F is dually flat on U if and only if the function φ satisfies the following PDE:
It should be pointed out that if the scale function c(x) satisfies c(
β α ) will be always dually flat for any function φ(b 2 , s). So it will be regarded as the trivial case. In another word, such a dually related 1-form is trivial.
We have reason to conjecture that general (α, β)-metrics can only be obtained by this way. More specifically, we guess that if F = αφ(b 2 , β α ) is a locally dually flat Finsler metric on a manifold with dimension n ≥ 3, then after necessary reexpressing in a new form F =ᾱφ(b 2 ,β α ),ᾱ must be locally dually flat andβ dually related with respect toᾱ. Moreover, the functionφ must satisfy (1.5) ifβ is non-trivial. It is true for the (α, β)-metrics. One can check it using Maple program.
The solutions of (1.5) is completely determined by Proposition 5.1. In Section 4, we will construct some dually flat Riemannian metrics and their dually related 1-forms by the data
where λ is a constant numbers and a is a constant vector. The corresponding result is given by Proposition 4.2. One can get infinity many dually flat general (α, β)-metrics by this way. Two typical examples are listed below.
The Finsler metric
is a dually flat Randers metric, where α and β is given by (1.6), µ and σ are constant numbers. When µ = −1 and σ = 1, the corresponding metric is the famous generalized Funk metric, whose dual flatness was first proved in [4] The Finsler metric
is a dually flat general (α, β)-metric, where α and β is given by (1.6), µ and σ are constant numbers. Such kind of general (α, β)-metrics are actually belong to the category of (α, β)-metrics because it can be reexpressed as
By the way, it should be pointed out that when µ = −1, λ = σ = 1 and a = 0, the above metric is given by
It is also obtained by B. Li independently in another different way [6] .
Finally, when a = 0, all the dually flat Finsler metrics obtained by this way are just the so-called symmetric Finsler metrics, which are given in the form F = φ(|x| 2 ,
x,y |y ) [5] .
Preliminaries
Let F be a Finsler metric on a n-dimensional manifold M . The geodesic spray coefficients of F are defined by
where g ij is the inverse of the fundamental tensor g ij := [ 
when n = 2 [15] . Such kind of Finsler metrics belong to the metrical category called general (α, β) metrics. For a given metric, b := β α is the norm of β.
In Section 4, we need a special kind of metric deformations called β-deformations [12, 14] , which are determined by a Riemannian metric α and a 1-form and listed below:
In
Some basic formulas of β-deformations are listed below. It should be attention that the notation 'ḃ i|j ' always means the covariant derivative of the 1-form 'β' with respect to the corresponding Riemannian metric 'α', where the symbol '˙' can be '˜', 'ˆ', '¯' or empty in this paper. Moreover, we need the following abbreviations,
where r ij and s ij are given by r ij :=
Proof of Theorem 1.2
Suppose α and β satisfy (1.4). It is easy to verify that
wherec = (c + 2θ k b k ) and y i = a ij y j . Combining with the above equalities we obtain 
Dually flat Riemannian metrics and dually related 1-forms
Let α be a Riemannian metric with constant sectional curvature µ, and β be a closed 1-form which is also conformal with respect to α, then there is a local coordinate system in which α and β can be expressed as [12] 
where λ is a constant number and a is a constant vector. Moreover,
These special Riemannian metrics and 1-forms play an important role in projective Finsler geometry [12, 15] .
In the rest of this section, we will use the above data to construct some dually flat Riemannian metrics and their dually related 1-forms by β-deformations. Firstly, it seems impossible to obtain dually flat Riemannian metrics by data (4.1) and (4.2) without any additional condition. The reason is given below. Lemma 4.1. Given α and β as (4.1) and (4.2). Then α cann't turn to be a dually flat Riemannian metric by β-deformations unless µ = 0 or a = 0.
Proof. It is known that G i α = P y i , where
Carry out the first step of β-deformations. By Lemma 2.1 we havẽ
Combining with Lemma 2.2 one can see thatα cann't turn to be dually flat by the second step of β-deformations unlessG iα is in the formG iα = P y i + Qα 2 b i . That is to say, κ must satisfy the following equation
So we assume the deformation factor κ satisfies (4.4) from now on.
Carry out the second step of β-deformations. By Lemma 2.2 we havê
Hence,α is dually flat if and only if
whereŷ i :=â ij y j . The above equality is equivalent to
Combining with (4.2) and (4.3), it is not hard to find that the equality (4.5) will not hold unless µ = 0 (in this case P = 0) or a = 0 (in this case β = λ x,y
is parallel to P ).
When a = 0, it have been proven by β-deformations in [14] that the Riemannian metrics
are dually flat on the ball B n (r µ ) and the 1-forms
are dually related toᾱ for any constant number µ and λ, where the the radius r µ is given by r µ = 
By (4.5),α can turn to be dually flat by the second deformation if and only if
So we assume the deformation factor ρ satisfies the above equation. In this case, by Lemma 2.2 again we get
Carry out the third step of β-deformations, then
whereθ :=θ andθ i :=ā ijθ j . Hence,β is dually related toᾱ if and only if
which means that the deformation factor ν must satisfies
Obviously, κ = 0 is a solution of (4.4). As a result, ρ and ν are both constants. When κ = 0, the solutions of (4.4) are given by
In consideration of the additional condition of κ (2.1), κ can only be chosen as κ = is dually flat and the 1-formβ
is dually related toᾱ, where µ and σ are constant numbers.
It is obvious that the above result cover (4.6) and (4.7). 
where f (t) and g(t) > 0 are any C ∞ functions.
Proof. Let ψ := φ 2 , then ψ satisfies Finally, by taking s = 0 we know that the function g must be positive.
Some typical solutions are listed below.
• f (t) = 0, φ(b 2 , s) = g(b 2 ) + 2g ′ (b 2 )s 2 .
• f (t) =
2ε
(1−κt) • f (t) = 3(1 + t), g(t) = (1 + t) 
